Abstract-In this paper, the modeling of steer-by-wire (SbW) systems is further studied, and a sliding mode control scheme for the SbW systems with uncertain dynamics is developed. It is shown that an SbW system, from the steering motor to the steered front wheels, is equivalent to a second-order system. A sliding mode controller can then be designed based on the bound information of uncertain system parameters, uncertain self-aligning torque, and uncertain torque pulsation disturbances, in the sense that not only the strong robustness with respect to large and nonlinear system uncertainties can be obtained but also the front-wheel steering angle can converge to the handwheel reference angle asymptotically. Both the simulation and experimental results are presented in support of the excellent performance and effectiveness of the proposed scheme.
I. INTRODUCTION
M ANY RESEARCHERS and engineers in the automotive industry are currently working on the steer-by-wire (SbW) systems that are known as the next generation of steering systems. The advantages of using SbW systems in road vehicles are to improve the overall steering performance, lower the power consumption, and enhance the safety and comfort of the passengers. The modern SbW systems have the following distinct characteristics: 1) The mechanical link in conventional road vehicles used to connect the handwheel to the steered front wheels, through the rack and pinion gearbox, is removed; 2) the handwheel angle sensor is installed on the steering column to provide the reference signal for the front-wheel steering angle to follow; and 3) the steering motor, coupled to the rack and pinion gearbox, is adopted to steer the front wheels based on the reference information provided by the handwheel angle sensor. In addition, a feedback motor is employed on the handwheel side to provide drivers with the feeling of the effects of selfaligning torque between the front wheels and the road surface, based on the error information between the reference angle and the actual steering angle measured indirectly by the pinion angle sensor.
Recently, many studies on the mathematical modeling of SbW systems have been carried out. In [1] , the dynamics of the test vehicle's SbW system was described with a simple second-order model based on the observation of the experimental results by ignoring tire forces and considering tire-to-road contact. In [2] and [3] , two second-order models considering the effect of tire forces and vehicle dynamics were utilized in both the steered-wheel side and the handwheel side, respectively. However, the dynamics of the two motors are not included in the SbW system modeling. In [4] and [5] , the handwheel, the front wheels, and two motors are all represented by the secondorder differential equations, and two independent closed loops are then designed for the handwheel with the feedback motor and the front wheels with the steering motor, respectively. In [6] and [7] , the handwheel with the feedback motor and the front-wheel directional assembly described by the rack motion were represented by two second-order models. The whole closed-loop SbW system is developed based on the relationship between the rack displacement and the handwheel rotational angle. However, the disadvantages of this SbW modeling structure are that the tire dynamics, particularly the tire self-aligning torque, were not considered, and the effect of the self-aligning torque on the steering performance cannot be compensated effectively in the SbW controller design.
Although the mathematical models of SbW systems have been extensively explored as briefly discussed earlier, the detailed modeling, viewing from the front-wheel steering motor to the front wheels, has not been fully studied yet. Considering the fact that a complete SbW system consists of three main components, which are the front-wheel steering motor, the rack and pinion gearbox, and the steered front wheels, it is essential to develop a full mathematical model for SbW systems, in order to understand the interactions of these components in practical operation, and design robust controllers for achieving excellent steering performance against uncertain system parameters and the tire self-aligning torque that is treated as the most significant disturbance on the SbW systems.
In most existing SbW control systems, several control methods have been used to realize perfect steering characteristics. In [1] , [2] , and [4] - [7] , the conventional proportional-derivative (PD) control technique was popularly used with the aim of enabling front wheels to closely follow the driver's command. In [8] and [9] , a state feedback controller using the linear quadratic control technique was developed, aiming at driving the rolling angle of the SbW motorcycle to track the reference 0278-0046 © 2013 IEEE angle. In [12] , in order to realize the virtual steering characteristics, an adaptive control method was applied for controlling the front-wheel actuators through the estimation of the front tire cornering stiffness. In [14] , the adaptive online estimation method was used to identify the uncertain parameters of the vehicle directional-control and driver-interaction units.
However, because the controllers are designed based on the partial mathematical models in these schemes, good steering performance may not be guaranteed when the road conditions are varying. In particular, the poles of the closed-loop SbW systems with the PD control may change their locations on the complex plane with the variable road conditions. Such a change may result in the instability of SbW systems.
In this paper, we will further study the modeling of SbW systems by taking into account the dynamics from the steering motor to the front wheels. It is worth noting that, in addition to the inertia, the damping, and the friction, the tire self-aligning moment and torque pulsation disturbances are also considered in the system modeling. We then propose a sliding mode control scheme for SbW systems in order to achieve good steering performance.
It is well known that, for both linear and nonlinear systems, sliding mode control technique is widely used for tracking control and stabilization with bounded uncertainty information [16] , [17] , [22] - [30] . With the proper choice of sliding mode surface, the stability of the closed-loop system can be obtained asymptotically. It will be shown that the sliding mode controller (SMC) to be designed in this paper is capable of driving the steering angle to closely follow the handwheel command with a strong robustness against uncertainties. The merit of this control scheme, from the viewpoint of design, is that only the bound information of the unknown system parameters, selfaligning torque, and torque pulsation disturbances is required for designing the SMC. It will be confirmed from the simulation and experiment sections that the designed SMC will drive the sliding variable to reach the sliding surface, and then, the tracking error between the steering angle and its reference signal can asymptotically converge to zero on the sliding mode surface.
The rest of this paper is organized as follows. In Section II, the mathematical modeling of SbW systems is formulated, and the self-aligning torque, as well as the total torque pulsation disturbances, is briefly analyzed. In Section III, an SMC is proposed, and the convergence of tracking error dynamics and robustness with respect to system uncertainties is discussed in detail. In Sections IV and V, the numerical simulations, as well as the experimental studies, are carried out, respectively, to show the good performance of the proposed SMC. Section VI gives the conclusion.
II. PROBLEM FORMULATION
The basic principle of an SbW system in road vehicles is shown in Fig. 1 [1] , [2] . It is seen that the SbW system can be divided into two parts: The upper part includes the handwheel, the handwheel angle sensor, and the feedback motor, respectively, and the lower part is composed of the steering motor, the pinion angle sensor, the rack and pinion gearbox, and the steered front wheels.
The handwheel feedback motor is controlled in the sense that it can provide the driver to feel the interactions between the front wheels and road surfaces during driving. The frontwheel steering motor generates the actual torque for steering the two front wheels through the rack and pinion gearbox and the steering arm. The control of the steering motor aims at driving the front-wheel steering angle to closely follow the handwheel reference command.
In this paper, we model the steering system, from the steering actuator to the steered front wheels, as a motor driving a load (the steered wheels) through the rack and pinion gearbox. First, the dynamic equation of the front-wheel steering motor is described by the following second-order differential equation [13] , [21] :
where J sm and B sm are the moment of the inertia and the viscous friction of the steering motor, respectively, θ sm is the shaft angle of the steering motor, τ 12 is the torque exerted on the motor shaft by the two steered wheels through the rack and pinion gearbox, τ dis represents the motor torque pulsation disturbances that will be described hereinafter, and τ * sm is the torque control input for the steering motor.
For further analysis, the road vehicle equipped with the SbW system in Fig. 1 is represented by the following linear bicycle model as shown in Fig. 2 wheel, respectively, α f and α r are the tire slip angles of the central front wheel and central rear wheel, and β is the vehicle body slip angle at CG.
In this paper, the steered central front wheel in Fig. 2 can be treated as the load of the steering motor and rotates about the vertical axis crossing the wheel center. Therefore, the rotation of the central front wheel satisfies the following dynamic equation [19] - [21] :
where J fw and B fw are the moment of the inertia and the viscous friction of the front wheels, respectively, τ s is the torque applied on the steering arm by the steering motor through the rack and pinion gearbox, τ e is the self-aligning torque which reflects the interaction between the road surface and the front wheels while the vehicle is turning, F s sign(δ f ) is the Coulomb friction in the steering system with F s defined as the Coulomb friction constant, and sign(δ f ) is the sign function with
Assuming that there is no backlash between the rack and gear teeth, we have the following relationships held [21] :
where N 1 and N 2 are the tooth numbers of the rack and pinion gearbox, respectively, and r is a scale factor to account for the conversion from the linear motion of the rack to the rotation at the steering arm or the steering angle of the steered front wheels. Furthermore, differentiating (4a) twice, we obtain the following relationships about the motor shaft angle θ sm , the steering angle δ f , and their derivatives [21] :
Then, using (4b) in (2), we have (5) where
and the equivalent drive torque signal
Remark 2.1: It is seen from (5) that the SbW system, from the steering motor to the steered front wheels, is equivalent to a second-order direct drive system. Although many researchers in [1] - [7] have extensively considered the modeling issue of SbW systems, this is the first time to systematically derive a complete mathematical model for the SbW system in Fig. 1 .
Remark 2.2:
Although the moments of the inertia J fw and J sm , the effective viscous friction coefficients B fw and B sm , the conversion parameter r in (6) and (7), and the Coulomb friction constant F s are all unknown in practice, the following bounded conditions can be assumed:
where
, and F s1 are positive constants. Thus, considering (6) and (7), we can express the upper and lower bounds of J eq and B eq as follows:
Then, J eq and B eq satisfy the following bounded conditions:
Remark 2.3:
In addition to the uncertainties in J fw , J sm , B fw , B sm , r, and F s , another significant uncertainty exists in the self-aligning torque τ e that is the total aligning moment of Fig. 3 (a) and (b) shows the tire forces and the selfaligning torque at the steered central front wheel of the bicycle model, respectively, and the parameters of the tire dynamics are listed in Table I .
As shown in Fig. 3 (b), the aligning torque generated by the tire lateral force is given by [18] , [34] (20) where l c is the mechanical trail, describing the distance between the tire center and the point on the ground about the tire pivots as a result of the wheel caster angle, and l p is the pneumatic trail, the distance from the tire center to the application of the lateral force F y f . Remark 2.4: At a small slip angle, such as 4
• or less, the lateral force is linearly related to the tire slip angle α f and can be modeled as follows:
where C f is the front tire cornering stiffness coefficient, a parameter closely related to the tire-road friction. Assuming that the vehicle body slip angle is close to zero, we can approximate the front-wheel sideslip angle α f as follows [11] , [12] :
Thus, the front tire lateral force F y f and the self-aligning torque τ e can be expressed as
and
For the design of the SMC in the next section, the upper bound of the self-aligning torque τ e is estimated as follows:
where l c and l p are the upper bounds of the mechanical trail and the pneumatic trail, respectively, and C f is the upper bound of the front tire cornering stiffness coefficient.
Remark 2.5:
In (24), the steering angle of the steered front wheels δ f and the yaw rate of the vehicle γ are measured by using the pinion angle sensor indirectly and the yaw rate sensor, respectively. However, the vehicle body slip angle β can be estimated from the bicycle model of the road vehicle as [1] , [12] 
Remark 2.6: As for the SbW systems, in the final analysis, it is to control the front-wheel steering motor that plays an essential role to handle the uncertain dynamics and disturbances. In this paper, the steering motor is a three-phase permanent magnet (PM) ac motor. Then, the mathematical model of the PM ac motor and the sources of torque pulsation disturbances will be briefly discussed as follows.
Considering the rotor rotating coordinates (d−q-axes) of the motor as the reference coordinates, the d−q-axis stator voltages of the three-phase PM ac motor can be modeled as follows [39] - [44] : [46] . The corresponding electromagnetic torque equation is expressed as follows:
In industrial applications, field-oriented control principle is widely adopted to control a PM ac motor. Thus, in order to simplify the model and reduce the costs, the desired current component i * d in the direct axis is set to zero, i.e., i * d = 0. Usually, with the current loop controller, i d can be easily regulated to zero. In this case, the torque expression in (30) can be rewritten as
Remark 2.7: In the ideal case, the q-axis reference current i * q can be directly achieved from (31) due to the constant d-axis flux linkage ψ dm = ψ d0 . However, the torque disturbance τ dis in (1) always exists in motor torque generation. Therefore, in designing the torque control signal for the steering motor, these perturbations need to be taken into account and compensated effectively in the meantime.
In terms of the flux harmonics, the actual flux linkage ψ dm is described as follows [43] :
where ψ d0 , ψ d6 , and ψ d12 are the known constant average dc amplitude and the 6th and 12th harmonic amplitudes of the d-axis flux linkage, respectively, ψ d6θ and ψ d12θ are the 6th and 12th harmonic terms, respectively, and θ e is the electrical angle of the rotor. For the purpose of simplicity, only the 6th and 12th harmonics are considered as the principal source of torque pulsations in this paper. Remark 2.8: The dc current offsets always exist in the motor terminals in virtue of the digital-to-analog converter offsets of the motion controller as well as the current offset error of the current tracking amplifier. Thus, sinusoidal torque disturbances and the corresponding velocity ripples at the system output are inevitably generated, which will severely affect the highprecision tracking performance in practice.
Let i * a (t), i * b (t) and i * c (t) be the desired currents at the motor terminals, and let the dc current offsets in the measured currents of phases a and b be Δi a and Δi b , respectively. Then, the third phase current offset is calculated as can be calculated by using the Clarke and Park transformations based on the three phase currents with the offsets (abc frame to dq0 frame). Therefore, the actual current i q can be expressed as [42] , [45] - [47] 
where the desired d-axis current i * q is given by
and the current disturbance Δi qof f is of the form
where ϕ is the phase related to Δi a and Δi b . Accordingly, the upper bound of Δi qof f can be estimated as
and Δi qof f is defined as
where the upper bound ξ c is defined as
Then, based on the aforementioned analysis, we rewrite (31) as follows:
where τ * sm is the desired torque signal for the motor and τ dis represents the total pulsation disturbances in the motor torque generation, which satisfies as
Then, the first part in (40) can be described as the sum of the 6th and 12th torque harmonics as
where τ sm6 and τ sm12 are the 6th and 12th harmonic torque amplitudes, respectively, and the bound information is given by τ sm6 cos(6θ e ) + τ sm12 cos(12θ e ) ≤ |τ sm6 | + |τ sm12 | ≤τ sm6 +τ sm12 (42) where τ sm6 and τ sm 12 are the upper bounds of the 6th and 12th harmonic torque amplitudes, respectively.
For the second part in (40) , the bound information is given as
Therefore, the upper bound of τ dis can be estimated as follows:
whereτ
III. DESIGN OF SLIDING MODE CONTROLLER
In this section, we will develop a robust SMC for the SbW system in (5) with uncertain dynamics, under the condition that the information of the upper and lower bounds of the unknown system parameters, the self-aligning torque, and the total torque pulsation disturbances in (9)- (14), (26) , and (45) are known, respectively. The controller design and stability analysis are presented in the following theorem:
Theorem 1: Consider the SbW system in (5) with the uncertainty bounds in (9)- (14), (26) , and (45), respectively. The tracking error ε θ asymptotically converges to zero if the motor control torque τ * sm is designed as
where ε θ = δ f − θ hr is the tracking error between the frontwheel steering angle and the handwheel reference angle θ hr , sign(s) is the sign function defined in (3),θ hr is the upper bound of the second-order derivative of θ hr , which satisfies as |θ hr | ≤θ hr (47) and the sliding variable s is defined as
with λ being the designed positive parameter. Proof: Choosing a Lyapunov function candidate V = (s 2 /2) and differentiating V with respect to time, we havė 
Expression (49) indicates that the sliding variable s is asymptotically stable. However, if F s1 , the upper bound of F s , is chosen such that
where σ F is a positive constant number, (49) can then be written asV
Expression (51) ensures that the sliding variable s converges to the sliding mode surface in a finite time [33] . The SMC in (46) can constrain the closed-loop error dynamics on the sliding mode surface, and the tracking error between the steering angle and the reference signal can then exponentially converge to zero. Remark 3.1: As the sign function sign(s) is involved in the sliding mode control signal in (46) , the chattering may occur in the control input. Using the boundary layer control technique in [31] - [33] , we can modify the control law in (46) as follows:
and the constant δ > 0. Expression (52) is called the boundary layer SMC (BL-SMC). As shown in [31] - [33] , the output tracking error cannot converge to zero as the sign function is replaced by the sigmoid function. However, by properly choosing the value of the positive constant δ in (53), the tracking error can be small enough to satisfy the tracking precision requirement in practice.
Remark 3.2:
In this paper, the handwheel dynamics can be described by the following equation:
where J h , B h , and C h are the moment of inertia, the viscous friction coefficient, and the torsional stiffness of the handwheel shaft, respectively, θ h is the handwheel rotational angle, τ h is the input torque provided by the driver, and τ r is the feedback torque generated by the handwheel feedback motor. It should be noted that the handwheel feedback motor is controlled by a PD regulator of the tracking error between the reference angle from the handwheel and the steering angle, providing the driver with the true feeling of the steering effort. Moreover, the control parameters of the PD regulator must be chosen in the sense that the closed loop in the handwheel side is stable [2] . In this design, the desired reference angle for the front wheel to follow can be expressed as
where N θ is the ratio between the handwheel rotational angle and the front-wheel steering angle.
Remark 3.3:
It is well known that the variable gear ratio steering (VGRS) has been widely used in advanced road vehicles recently. Here, we would like to address that the proposed sliding mode control scheme in this paper is also applicable for the SbW systems with VGRS. The variable gear ratio (N 2 /N 1 ) is actually embedded in the steering ratio (rN 2 /N 1 ), which has been involved in all of the parameters of the equivalent second-order model in (5) . By properly choosing the upper and lower bounds of all parameters of the SbW system model in (5) with VGRS, the proposed SMC can ensure the good steering performance.
IV. NUMERICAL SIMULATION
In order to show the good performance of the proposed SMC, a simulation is carried out in comparison with the PD controller with feedforward torque and the H ∞ controller for SbW systems.
A. Parameters of SbW System and Vehicle Dynamics
In this simulation, both the front-wheel steering motor (PM ac motor) and the feedback motor are chosen as the same in order to agree with the SbW platform used in the experimental section, where the steering motor is connected to a gearhead with ratio r g . The nominal parameters of the SbW system are listed in Table II In addition, the parameters of the vehicle dynamics and motor harmonic torque used in the simulation are given in Table III [10], [35] . In this simulation, we assume that the central front-wheel parameters J fw and B fw , the steering motor parameters J sm and B sm , the conversion parameter r, the actual gear ratio r g , the Coulomb friction constant F s , the tire parameters C f , C r , l c , and l p , the 6th and 12th harmonic torque amplitudes τ sm6 and τ sm12 , and the dc current offsets Δi a and Δi b are all unknown, but the following uncertainty bounds are known: 
Furthermore, the yaw motion of the road vehicle based on the bicycle model in Fig. 2 can be used to calculate the vehicle yaw rate γ, which is described by the following state-space equation [1] , [12] :ẏ
B. Control Law
Due to the gearhead connected to the front-wheel steering motor, the model equation of the SbW system derived in (5) is rewritten as the following state-space equation:
where k r is defined as k r = (rN 2 /N 1 )r g . The corresponding SMC is of the form
where k r0 and k r1 are the lower and upper bounds of k r and defined as
respectively.θ hr is selected asθ hr = 10 rad/s 2 , and the sliding mode parameter is chosen as λ = 12.
In addition, the control gains of the PD regulator for controlling the feedback motor are chosen as k p = 3.6 and k d = 1.5, respectively.
C. Simulation Environment
In order to demonstrate the effectiveness and robustness of the proposed SMC, the simulation environment is set up as follows.
1) The driver's input torque is a periodic sinusoidal signal as τ h = 1.6 sin(1.9t) N · m. 2) Three different road conditions (wet asphalt, snowy, and dry asphalt roads) are set for 0-15, 15-25, and 25-35 s, respectively. 3) The vehicle velocity is set as V CG = 35 m/s. The Euler method with the sampling interval ΔT = 0.001 s is adopted to solve the closed-loop differential equations in this simulation.
D. Simulation Results
The steering performance of the SMC is shown in Fig. 4(a) and (b), while the associated control input is depicted in Fig. 4(c) . It can be seen that the front-wheel steering angle is driven to closely follow the handwheel reference angle in the whole period. Although the road conditions are suddenly changed at 15 and 25 s, respectively, the good steering performance can still be achieved. Such an excellent steering performance indicates that the SMC is capable of eliminating the effects of uncertain road conditions on the steering performance. Fig. 4(d) and (e) shows the upper bounds of the disturbances that are needed for the SMC design no matter how they change. In particular, Fig. 4(f) shows that the steering performance at a time of 25 s is not affected much owing to the robustness of SMC. Additionally, due to the discontinuous control input when crossing the sliding mode surface, the chattering occurs unavoidably, which can be solved by adopting the BL-SMC in (52).
In order to further show the control performance, the root mean square (rms) for the tracking error as a performance evaluation index is utilized for the sake of clear comparison [36] 
where n is the number of the iterations. The rms for the proposed SMC during the simulation period (35 s) is 1.47 × 10 −2 . In order to eliminate the chattering in the closed-loop system, BL-SMC is also used in the simulation. Fig. 5(a)-(f) shows the steering performance with the BL-SMC, where the constant δ is chosen as δ = 0.8 and the rms during the simulation period (35 s) is 2.36 × 10 −2 . It is observed from Fig. 5(c) that, with the proper choice of δ, not only is the undesired chattering in the control signal effectively removed but also the amplitude of the control torque is greatly reduced. Moreover, as shown in Fig. 5(f) , the variations of the road conditions do not affect the performance of BL-SMC due to its robustness.
For further comparison, Fig. 6(a)-(f) shows the steering performance of the steering system using a PD controller with feedforward torque control method [1] , [14] , [15] 
where k ps and k ds are the proportional and derivative control gains, respectively. The last two terms on the right side of (68) are adopted for the purpose of reducing the effects of disturbances on the steering performance.
Based on the system model and motor characteristics described in Section II, the two most suitable control gains in (68) are determined as follows:
It is clearly seen from Fig. 6 (a)-(f) that the steering performance with the PD control is not as good as the ones shown in Figs. 4(a) -(f) and 5(a)-(f) with the proposed SMC schemes in this paper. The reason is that the PD controller with fixed gains is unable to deal with the time-varying road conditions. This point can be easily seen from Fig. 6 (f) that, at 25 s, the front wheels sideslip seriously due to the varying road condition, and after that, the tracking performance has greatly deteriorated. In addition, the rms for the steering performance with the PD control in (68) is 6.92 × 10 −2 that is much larger than the ones in the SbW systems with the SMC and BL-SMC presented in Figs. 4(a) -(f) and 5(a)-(f). Fig. 7 (a)-(f) shows the performance of the SbW system with the following H ∞ controller [37] :
where α 1 and α 2 are the gains of the nominal feedback control, the error state vector z = [ε θεθ ] T , and
T z P that is the optimal control gain of the H ∞ control for minimizing the effects of the following lumped uncertainty w on the steering performance:
where w 0 represents the modeling uncertainties. It is noted from (70) that the handwheel angular acceleration θ hr is required in the H ∞ controller design. In fact, it is difficult to measureθ hr in practice. In this simulation, as well as in the following experiments,θ hr is obtained by using the filtering method that has been widely used in engineering practice [1] . The performance index for the H ∞ control is given as where Q and P are the weighting matrices, ρ is a prescribed attenuation level as 0 < ρ < 1. P can be found by solving the following Riccati matrix equality:
T , and ξ is a designed positive constant. The parameters ρ, ξ, α 1 , and α 2 are set as 0.1, 0.1, 1, and 150, respectively. For the H ∞ controller design, the matrix Q is selected to be 3I 2 . The matrix P is found as P = 25.2224 0.0103 0.0103 0.1669
and the control gain is
It has been seen from Fig. 7 (a)-(f) that the steering performance of the SbW system with H ∞ control has been improved compared with the one using the PD control, but still not as good as the ones with the SMC and BL-SMC. Fig. 7(f) shows that the H ∞ control cannot eliminate the effects of the variations of the road conditions on the steering performance. Furthermore, the rms for the H ∞ control-based SbW system is 6.21 × 10 −2 that is larger than the ones of the SMC and BL-SMC and lower than the one of the PD controller.
Remark 4.1: It is seen from the aforementioned simulation results that the influence of the self-aligning torque on the steering performance is much greater than that of the torque pulsation disturbances. For instance, the maximum values of the self-aligning torque and torque pulsation disturbances are about 150 and 6 N · m for wet asphalt road, 40 and 4 N · m for snowy road, and 220 and 9 N · m for dry asphalt road, respectively. The advantage of the proposed sliding mode control methodology can eliminate not only the effect of the torque pulsation disturbances but also the one of the self-aligning torque on the steering performance. This point has been clearly seen from both the stability analysis and the simulation studies in Sections III and IV, respectively.
Remark 4.2:
It is noted from the aforementioned simulation studies and [3] that the self-aligning torque under three different road conditions behaves like three hyperbolic tangent disturbance signals of the steering angle with different amplitudes. We may thus use the following hyperbolic tangent signal to model the self-aligning torque τ e : The corresponding bounds of ρ 1 , ρ 2 , and ρ 3 are selected as 550, 180, and 980, respectively.
Figs. 8-10 show the steering performance of the SbW system with the BL-SMC, the PD controller with feedforward torque method, and the H ∞ controller, respectively. The corresponding rms for these three controllers are 3.12 × 10 −2 , 7.75 × 10 −2 , and 7.28 × 10 −2 , respectively. It can be seen that the simulation results are similar to the ones presented in Figs. 5-7.
V. EXPERIMENTAL STUDIES
In this section, we will verify the effectiveness and the advantages of the proposed SMC on an SbW experimental platform in Fig. 11 in the Robotics and Mechatronics Laboratory at Swinburne University of Technology. 
A. Experimental System Setup
It is seen from Fig. 11 that Mitsubishi HF-SP102 (A) ac motors are used as the steering motor and the feedback motor, respectively. The steering motor is connected with the gearhead, and the corresponding servo driver is selected as MR-J3100A manufactured by Mitsubishi Inc. An angle sensor (59006-10 turn, MoTeC) is installed on the pinion to measure the frontwheel steering angle indirectly. In the handwheel side, the feedback motor is mounted on the steering column to provide the feeling of the interactions between the steered wheels and road surface.
The nominal parameters of the SbW platform and ac servo motor in experiments are the same as the ones in the simulation section. Both the servo drivers are operated in torque control mode, driven by a +/ − 8 V reference signal. The servo motor is provided with a current by the servo driver, which is linearly proportional to the reference input voltage. Then, the torque generated by the servo motor is proportional to the input current. Thus, the torque generated by the servo motor is linear with the analog torque command (input voltage).
The proposed control algorithm is implemented on a personal computer (PC) using Matlab/Simulink/Real-Time Workshop. The Advantech PCI 1716 multifunction card is installed in the PC for real-time control applications. The sampling period is chosen as ΔT = 0.001 s, and the Euler method is adopted for this real-time experiment.
In order to reduce the cost of the SbW system in real applications, the velocity of the front-wheel steering angle is computed by differentiating and low-pass filtering the position signal measured by the position sensor [38] .
B. Experimental Results
The bound information of all the SbW system parameters is the same as the one used in the simulation. To avoid the chattering in the control signal, the BL-SMC is utilized in the following experiment. The values of BL-SMC parameters (λ and δ) and PD controller parameters (k ps and k ds ) are determined in Table IV , while the control parameters of the H ∞ controller are kept the same as the ones in simulations. On the other hand, the control gains of the PD regulator for the handwheel feedback motor are also set the same as the ones in the simulation section.
After the system is set up, the current offsets of phases a and b are measured with the values of 0.1 and 0.05 A, respectively. It should be emphasized that, although the current offsets are varying with time and temperature, the design of the proposed controller is not affected because only the bound information of the current offsets is required, as shown in (63). For confirming the robustness of the proposed scheme, the following voltage signal that models the self-aligning torque τ e in (76) is added to the system:
χ kr tanh(2δ f ) for 0 < t < 15s very small and the three controllers are working closely at the idea condition. However, in the periods of 0-15 and 25-35 s, the steering performances of both the PD controller and the H ∞ controller are deteriorated seriously due to the large variation of disturbances. Only the SbW system equipped with the proposed SMC performs very well and behaves with a strong robustness against the large changes of the external disturbance.
Remark 5.1: It has been noted that the tracking performances in the simulations are better than the ones in the experimental results. The reasons are as follows: 1) All the mechanical parts, such as the rack and pinion gearbox, are assumed to match perfectly, i.e., no backlash exists in the mathematical model; however, the backlash indeed exists in the rack and pinion gearbox in practice, which is actually the main factor affecting the steering accuracy; 2) in the experiments, we have observed that the small structural resonances of mechanical parts occur sometimes during the operations, which have also affected the tracking precisions; and 3) it is noticeable that the low sampling rate of the microcontroller and the low resolution of the angle sensors are the other factors degenerating the steering performance of the SbW system. Thus, the use of the high quality rack and pinion gearbox and the proper adjustment of the structure of the SbW system to avoid the structural resonances can play an essential role of further improving the tracking performance. In addition, an advanced microcontroller with a fast sampling rate and the sensors with higher resolutions are required to achieve more accurate tracking precision in SbW systems.
VI. CONCLUSION
In this paper, the mathematical modeling of the SbW systems has been further explored, and a robust sliding mode steering controller has been proposed. It has been seen that the proposed SMC can efficiently alleviate the effects of uncertain system parameters and the variations of the road conditions as well as torque pulsation disturbances. Both the simulation and experimental results have verified the excellent steering performance of the proposed scheme. The further work on designing a sliding mode-based adaptive controller and the sliding mode observer-based diagnosis system are under the authors' investigation.
